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SAWTOOTH MODELS AND ASYMPTOTIC INDEPENDENCE IN 

LARGE COMPOSITIONS 

PIERRE TARRAGO 


Abstract. In this paper we improve the probabilistic approach of Ehrenborg, 
Levin and Readdy in |ELR02) by introducing a simpler but more general proba¬ 
bilistic model. As consequence we get some new estimates on the behavior of a 
uniform random permutation cr having a fixed descent set. In particular we find a 
positive answer to the Conjecture 4 of [BHR03) and we show that independently 
of the shape of the descent set, a{i) and a{j) are almost independent when i — j 
becomes large. 


1. Introduction 

A descent of a permutation a of n G M* is an integer i such that a{i) > a(i + 1). 
For each permutation a, the corresponding descent set D{a) is the set of all the 
descents of a. Since descents can be located everywhere except on n, a descent set 
is just a subset of {1, ... ,n — 1}, and for the moment we call a composition of n 
the data of n and a subset of {1,... ,n — 1}. We can pictiorally reformulate this 
by drawing a composition D as a skew Young diagram Ad of n cells 1,... ,?7, with 
the following rule : cells i and i + 1 are neighbors and the cell i + 1 is right to i if 
i ^ D, below i otherwise. Therefore the descent set of a permutation a is D if and 
only if inserting a{i) in each cell z of Ad results in a standard skew-Young tableau. 
For example the composition D = {10, (3, 5, 9)} matches the following skew Young 
diagram: 



Figure 1. Skew Young diagram Ad associated to the composition 
D = {10,(3,5,9)} 

And the permutation a = (3, 5, 8,4, 7,1, 6, 9,10, 2) has the descent set D since the 
associated Filing of Ad results in a skew Young tableau as shown in £gure[2l 

Conversely for each composition D of n, the problem is to count how many permu¬ 
tations of [l,n] have exactly D as descent set; it is equivalent to count the number 
of standard hllings of the associated skew Young tableau Ad- This latter number, 
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Figure 2. Standard filling of the composition (3,2,4,1) 

(3{D), is called the descent statistic of D and has been intensively stndied in the 
last decades (see Viennot [Vi^ and [VieSlj , Niven |Niv68j . de Brnijn |DB70j , 
...): the main qnestions were on one hand to find the compositions of n having 
a maximnm descent statistic, and on the other hand to find exact or asymptotic 
formnlae for descent statistic of compositions of given shape and large size. For 
example, Niven and de Brnijn proved in [Niv68j and [DB70j that the two compo¬ 
sitions of n maximizing the descent statistic are Di{n) = {1, 3, 5,... } fl [1, n] and 
D 2 {n) = {2,4, 6,..., } n [1, n], whose associated permntations are called alternating 
permntations; Desire Andre gave long before them in |And81] an asymptotic formnla 
for the nnmber of alternating permntations, showing that /3 (Di)(?t,) ~ 2(2/7r)’^n! as 
n goes to infinity. 

To be able to evalnate the descent statistic of a broad class of compositions, Ehren- 
borg. Levin and Readdy formalized in [ELR02j a probabilistic approach to the connt- 
ing problem, by relating each permntation of [1, n] with a particnlar simplex of [0,1]”. 
Since the cnbe [0,1]"' with the Lebesgne measnre can be seen as a probability space, 
it is possible to nse probabilistic tools to get interesting resnlts on descent statistics : 
Ehrenborg obtained in [Ehr02] asymptotic descent statistics for the so-called nearly 
periodic permntations, which consists essentially in permntations having the same 
descent pattern repeated several times and with some local pertnrbations. Once 
again the asympotic formnla has the shape KX'^nl, with K and A some constants 
depending on the sitnation. Using this approach together with fnnctional analysis 
tools. Bender, Helton and Richmond extended in [BHR03j the latter resnlt to a 
broader class of descent sets, and fonnd asymptotic formnlae of the same shape as 
before. The factorial term of the asymptotic formnla is easy to get, since it comes 
from the cardinality of the set ©„ of permntations of n elements. However the power 
term is harder to nnderstand. The main point of the article [BHR03j is that the 
anthors identified in this class of descent sets the phenomenon that makes the power 
term A” appear: namely if we consider a large nniformly random permntation with 
a fixed descent set, the valne of (j(l) and a(n) are nearly independent, which canses 
a factorization in the asymptotic connting. The natnral qnestion is thns to know 
which compositions indnce this phenomenon, and it was conjectured in |BHR03j 
that every composition have this property as they become large. 

In the present article we construct a family of particular statistic models, called 
sawtooth models, that greatly simplifies the probabilistic approach of Ehrenborg, 
Readdy and Levin. These models are more general than the ones we need in the 
combinatoric of descent sets, but the properties we will use thereafter appear more 
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clearly in this broader case; thus we hrst study these models in their full generality, 
before deducing some specihc results on descent sets. As a main consequence we 
derive an affirmative answer to the Conjecture 4 on asymptotic independence from 
Bender, Helton and Richmond i |BHR03 ] ) and we are able to conclude by the fol¬ 
lowing intuitive result on compositions : 

In the random filling of a composition, the content of two distant cells are almost 
independent. 

In a forthcoming paper we will use the results of this article to study an analog of 
the Young lattice that was introduced by Gnedin and Olshanski in |GO06j . 

2. Preliminaries and results 

2.1. Compositions. This paragraph gives dehnitions and notations concerning com¬ 
positions. 

Definition 1. Let n G N. A composition X of n is a sequence of positive integers 
(Ai,..., Ar) such that ^ Xj = n. 

A unique ribbon Young diagram with n cells is associated to each composition: 
each row j has Xj cells, and the hrst cell of the row j -|- 1 is just below the last cell of 
the row j. For example the composition of 10, (3, 2,4,1) is represented as in hgure 
[H This picture shows directly the link between Dehnition [1] and the dehnition we 
stated in the introduction : a composition A = (Ai,..., A,.) of n yields a subset Dx 
of {1,..., n — 1}, namely the subset {Ai, Ai -|- A 2 ,..., Ai A^-i}. The latter 

correspondence is clearly bijective. 

The size |A| of a composition is the sum of the Xj. When nothing is specihed, A 
will always be assumed to have the size n, and n will always denote the size of the 
composition A. 

A standard hlling of a composition A of size n is a standard hlling of the associated 
ribbon Young diagram: this is an assignement of a number between 1 and n for each 
cell of the composition, such that every cells have different entries, and the entries 
are increasing to the right along the rows and decreasing to the bottom along the 
columns. An example for the composition of hgure [T] is shown in hgure [2J 
In particular, reading the tableau from left to right and from top to bottom gives for 
each standard hlling a permutation a; moreover the descent set of such a a, namely 
the set of indices i such that a{i -l- 1) < cr(i), is exactly the set 

r—1 

Dx = {Ai, Ai -|- A 2 ,..., Aj}. 

1 

There is a bijection between the standard hllings of A and the permutations of |A| 
with descent set Dx- For example the hlling in hgure |2] yields the permutation 
(3,5,8,4,7,1,6,9,10,2). 
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2.2. Result on asymptotic independence. We present here the main results 
that are proven in the present paper. 

Notation 1. Let X be a composition. Let Sa denote the set of all permutations 
with descent set D\. With the uniform counting measure Pa it becomes a probability 
space, and a\ denotes the random permutation coming from this probability space. 
As usual |Sa| is the cardinal of the set Sa- 

|Sa| is thus the descent statistic associated to the composition A. 

Denote for each random variable X by /i(X) its law and by dx its density, and write 
/i ® 1 / the independent product of two laws. The goal of the paper is to prove that 
distant cells in a composition have independent entries, namely: 


Theorem 1. Let e,r G N. Then there exists n>0 such that if X is a composition 
of N and 0 < ii < ■ ■ ■ < ir < N are indices with ij+i — ij > n, 


dir ( / 4 ( 


.crx{ii) 
N 




,(j[t 


N 


N 




with c^Tr denoting the Levy-Prokhorov metric on the set of measures of [0,1]'’. 


If the hrst and last runs of the composition remain bounded, the latter can be 
improved for the density of the hrst and last particle. This is the content of the 
Conjecture 4 of |BHR03j that is proven in this paper and reformulated here in term 
of permutation : 


Theorem 2. Let e > 0, A > 0. There exists n >0 such that for any composition X 
of size larger than n with first and last run bounded by A, 

(1) ZALA) d tJxW d ay^{n) Iloo < e. 

2.3. Runs of a composition. Let A be a composition. We number the cells as we 
read them, from left to right and from top to bottom . The cells are identihed with 
integers from 1 to n through this numbering. For example in the standard hlling of 
hgure (E]), the number 7 is in the cell 5. 

We call run any set consisting in all the cells of a given column or row. The set of 
runs is ordered with the lexicographical order. In the same example as before the 
runs are 


Si = (1, 2, 3), S2 = (3,4), S3 = (4, 5), S4 = (5, 6), sg = (6, 7, 8, 9), sg = (9,10), 
where we put in the parenthesis the cells of each run. 

Note that inside each run the cells are ordered by the natural order on integers. 
We call extreme cell a cell that is an extremum in a run with respect to this order, 
and denote by £\ the set of extreme cells of A. Apart from the first and last cells 
of the composition, every extreme belong to two consecutive runs. Let Pa be the 
set of extreme cells followed by a column, or proceeded by a row and Va the set of 
extreme cells followed by a row or proceeded by a column. The elements of P\ are 
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called peaks and the one of V \ valleys. The sets Vx and Px are also ordered with 
the natural order: 

Px = { x ^ < • • • < a:+}, 14 = {x]" < • • • < x ~}, 
with r — l<t<r + l. 

The first and last cells are always extreme points. A composition is said being of 
type ++ (resp. if the hrst cell is a peak and the last cell is a peak (resp 

peak-valley,valley-peak, valley-valley). 

Finally let l{s), the length of a run s, be the cardinal of s, and T(A), the amplitude 
of A, be the supremum of all lengths. 

2.4. The coupling method. In this paragraph we introduce a probabilistic tool 
called the coupling method, and set the relative notations for the sequel. We refer 
to |Lin02j for a review on the subject. We will present the notions in the framework 
of random variables but we could have done the same with probability laws as well. 

Definition 2. Let {E,S) be a probability space and X,Y two random variables on 
E. A coupling of {X,Y) is a random variable (Zi,Z 2 ) on {E x E,£<^,S) such that 

El '^law X^ Z 2 '^law k". 

Such a coupling always exists : it suffices to consider two independent random 
variables Zi and Z 2 with respective law fix and fiy- However a coupling is often 
useful precisely when the resulting random variables Zi and Z 2 are far from being 
independent. In particlular in this article we are mainly interested in the case where 
Zi and Z 2 respect a certain order on the set E. From now on is a Polish space 
considered with its borelian a—algebra S, and -< a partial order on E such that the 
graph Q = {(x,|/),x -< y} is measurable. 

Definition 3. Let X,Y be two random variables on E. Y stochastically dominates 
X (denoted Y Y X) if and only if 

¥{X eA)< P(F e A) 

for any Borel set A such that 

xeA^{yeE,x-<y}<Z A. 

For example if = M with the canonical order < and a—algebra i3(M), then Y 
stochastically dominates X if and only if for all x G M, 

P(X G [x,-l-oo[) < P^F G [x,-t-oo[) 

or equivalently, if we denote by Exit) and Eyit) their respective cumulative distri¬ 
bution function: 

Eyit) < Exit) for all f G M. 

There are several ways to characterize the stochastic dominance: 

Proposition 1. The three following statements are eguivalent : 
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• Y stochastically dominates X 

• there exists a coupling {Zi,Z 2 ) of X,Y such that Zi -< Z 2 almost surely. 

• for any positive measurable bounded function f that is non-decreasing with 
respect to -<, 

E(/(X))<E(/(F)) 

The proof is straightforward and can be fonnd in |Linn2] . This yields the following 
intnitive Lemma : 

Lemme 1. Let (Xi,X 2 ), (Yi,y 2 ) be two couples of independent random variables on 
E X E such that Xi Y Yi and Y 2 Y X 2 . Then 

P(Xi ^ X 2 ) > P(Xi ^ X2). 

Proof. Let be the partial order on E x E dehned by 

{x, y) (x', y') ■Yt X Y x' and y' Y y. 

If Yi Y Xi and X 2 ^ X 2 , there exists a conpling (Xi,Li) (resp. (X 2 ,L 2 )) of Xi, Yi 
(resp. X 2 , Y 2 ) snch that almost snrely Xi -< Yi (resp X 2 Y 2 ). These two conplings 
can be chosen independent. Since (Xi,Yi) and (X 2 ,X 2 ) are also independent, this 
implies that (Xi(g)X 2 , is a conpling of ((Xi, X 2 ), (Ti, T 2 )) with almost snrely 

(Xi,X2)«(Xi,F2). 

Bnt if Li -< L 2 , then Xi -< Li -< L 2 -< Xi and thus 

P(Xi ^ Y 2 ) = P(Xi ^ %) < P(Xi ^ X 2 ) = P(Xi ^ X 2 ). 

□ 

These results will be concretly applied on MP,n > 1, and thus we need to dehne 
a family of partial order on those sets. 

Definition 4. Let n > 1. The partial order < on M"" is the natural order on M for 
n= 1, and forn>2 if {xi)i<i<n, {yi)i<i<n e P'", 

< {yi)i<i<n Vz e [l;n],Xi < yi. 

For any word of length n in {1,0}, the modified partial order is defined as 

(2^i)l<i<n ^ {yi)l<i<n Vz G [l,Zz], ( 1) ^ ( 1) *Z/j. 

The easiest way to check the stochastical dominance is to look at the cumulative 
distribution function. The proof of the following Lemma is a direct application of 
Proposition [1] 

Lemme 2. Let (Xj)i<j<„ and (Ti)i<j<„ be two random variables of {MT,<e). Then 
(k^i)i<i<n stochastically dominates (Xj)i<j<„ if and only if for all (tj)i<j<n G M”, 

^(Xi) (^1) • • • ) in) ^{Yi) (^1) • • • ) in)- 
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The stochastic dominance in the case (M”, <e) is denoted as (Xi,...,X„) 

(Yi,..., Yn). A consequence of the previous result is that if (Yi,..., Y„) stochas¬ 
tically dominates (Xi,..., X„), then for all subsets / = (A, • • •, v) of {1,..., n}, 
(Yj^,..., Yj^) also stochastically dominates , Xj^). 

Applying Lemma |2] to the case n = 2 yields the following Lemma: 


Lemme 3. Let {Ui, Yi), {U 2 , V 2 ) be two random variables on [0,1] such that U 2 and 
V 2 are independent. Suppose that for all 0 <t < 1, 


Fviit) < Fy^it) 

and for all v G [0,1], 

Fui\Vi=v{t) < Fu^it). 

There existe a coupling [iZy Yi), (Y 2 , Y 2 )) of {Ui, Vi) and {U 2 , V 2 ) such that almost 
surely 

(Zi,Zi)>(Y2,Z2). 


3. Sawtooth model 

3.1. Definition of the model. In this section we introduce a statistical model of 
particles in a tube, which is a generalization of the probabilistic approach of Ehren- 
borg, Levin and Readdy in |ELR02j . The model consists in a sequence of particles, 
each of them moving vertically in an horizontal two-dimensional tube. Each particle 
has a repulsive action on the two neighbouring particles, and moreover the set of 
particles splits into two groups: the upper particles and the lower particles. The 
upper particles are always above the lower ones. The model is depicted in Figure [3l 



Figure 3. Repulsive particles in a tube 
Such a system is called a Sawtooth model in the sequel. 


Remark 1. If there are n upper-particles, there must be m lower particles with 
m G {n — l,n, n-t-1}, depending on what is the type of the first and the last particles. 
We define therefore the type e{S) of the model S as the word ejep, with ej = -\- (resp. 
ep = +) if the first (resp. last) particle is an upper one, and ej = — (resp. ep = —) 
otherwise. 
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Unless specified otherwise, the hrst particle is a lower particle (as in the picture). 
The particles are ordered from the left, and following this order the upper particles 
are written {pi < p 2 < ■ ■ ■ < Pn} and the lower particles {gi < ■ ■ ■ < Since 

the nature of our results won’t depend of the type of the model, we will also assume 
that there are n +1 lower particles, yielding that the last particle is a lower one too. 
Let Xi be the position of g*, pi the position of pi and denote by ^i{xi,yi) (resp. 
Pi{yi,Xi+i)) the potential of the repulsive force between qi and pi (resp. pi and 
gi+i). The probability to get a conhguration {xi,yi} at the Gibbs equilibrium with 
a temperature T is : 


it™ /r I ^ Vi) T PiiVii ' 

dFGibbsiixuyi}) = — exp(--- 

Z ksT 


From now on we assume that the potentials only depend on the relative positions of 
the particles, namely ^i{yi,Xi+i) = fi{\yi - Xi+i\) and pi{xi,yi) = gi{\xi+i - yi\) for 
some functions fi,gi. Since the forces are repulsive, /* and g* must be decreasing. 
Moreover by a rescaling we can assume that Xi,yi G [0,1]. 

Aiming the results we stated on compositions, we should answer these questions : 

(1) As the number of particles goes to infinity, is there some independence be¬ 
tween Xi and Xn+i ? 

(2) It is possible to estimate the behavior of a particle X^ by only considering its 
neighbouring particles ? 

The probability space at the equilibrium can be simplihed : 


Definition 5. A Sawtooth model S is the data of: 

• {/ij, z/j} a collection of finite measures on [0,1] with respective density func¬ 
tions {fi, gi}i<i<n, each of them being an increasing function on [0,1]. 

• A probability space G({/i, gi}) = ([0,x [0, Ij”, P) with probability density 

dF{{xi, yj}) = ^ n - Xi+i). 

The quantity V is called the volume of S and is sometimes denoted V(iS) to 
avoid confusion. 

• 2n+l random variables {X^} and {Yj} corresponding to the 2n+l coordinates 
on [0,l]^+i X [O,!]’^. 

S is said renormalized if each pi, z/j is a probability measure. 

If we set fi{r) = exp{—fi{r)/(ksT) and gi{r) = exp(—gj(r)/(fcf,T), we recover the 
density of (Ej). The volume has the following expression: 

(2) '^(‘^) ~ / TT la;i<j/i>Xi+i/i(gi Xi)gi{%)i 2^1+1) I I dXidpi. 

In particular an appropriate rescaling of the measures pi, Vi can transform any Saw¬ 
tooth model into a normalized one, without changing the probability space. Thus 
from now on and unless stated otherwise, the model is assumed normalized. In case 
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we are considering non-normalized models, we will nse the notation fi,gi,etc. for 
the normalized qnantities, and fi,gi,etc. for the non-renormalized one. 

For each snbset of particles A = ... ,Pjy) and measnrable event X, 

denote by 

dA\x{,^il ) ■ ■ ■ ) ) Vji ) ■ ■ ■ ) Vjy ) 

the marginal density of A conditioned on X. The snbscripts will be dropped when 
there is no confnsion, and we denote by Xj the hrst variable Xi and Xp the last 
particle Xn+i- Finally since the system is fnlly described by the fnnctions {fi,gj}, we 
will refer sometimes to a particnlar system jnst by mentioning this set of fnnctions. 
The dehnition of a Sawtooth model yields directly two hrst facts. The hrst resnlt 
stresses the Markovian aspect of a Sawtooth model : 


Lemme 4. Let S be a Sawtooth model of size n, and 1 < ii < i 2 , ■■■ ,ir ^ n be 
distinct indices. Then for all ,..., G [0,1], and i < ii, 

The proof is a straightforward rephrasing of the density of the model. 

The second one is a generalization of Lemma 3 — (a) in |BHR03j . : 


Lemme 5. Let 1 < r < n + 1, and let X be an event depending on the position of 
all particles except Xj.. Then dxpxixr) is decreasing in x^. 

Proof. Let a be in [0,1]. By Lemma IU 


dxr\x{.o) 



d{Xr\X)\Yr-l=Z,Yr+l=z'{(i)dYr-l,Yr+l\x{z, z')dzdz' 
dXr\Yr-l=Z,Yr+l = z'{.0)dY,_l,Yr+l\x{.Z, z')dzdz'. 


Thns it snfhces to prove the monotonity in the case of a conditioning on = 
z, Yr+i = z'. In this case 


dXr\Yr-i=z,Yr+i=z'{,(^') ^z>a,z'>a — l{z (^^fr{z ®))) 


with R a renormalizing constant. Since since and fr are increasing, this con- 
clndes the proof. □ 


The same resnlt holds for npper particles, bnt in this case the density is increasing. 


3.2. The processes S\ and Sa. Let us see how these dehnitions ht into the frame¬ 
work of compositions. The main idea from |ELR02] is to consider the set of all 
permutations with a given descent set D\ as a probability space. 

|Sa| can indeed be related to the volume of a polytope in [0,1]” (see for example 
the survey of Stanley on alternating permutations, |Stal0j ) . For each sequence of 
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distincts elements ^ = (■Ci, ■ ■ ■, ■Cn) in [0,1], let std ^(.^) (the inverse standardiza¬ 
tion of be the permutation that assigns to each j the index ij in the reordering 

(^n ^ ^ ^*n)- 


Proposition 2. Let {xj}i<j<n be a collection of independent uniform random vari¬ 
ables on [0,1]. Then the law of ax is the law of std~^{xi,... ,x„) conditioned on the 
fact that Xi > Xj+i if and only if i ^ Dx- In particular the following expression of 
the number of permutations with descent set Dx holds : 

|^a| —n\ Ixi>xi+i Ixi<xi+i J_ J_ dxi, 


with Xn+l = 1- 


The proof of the latter proposition is straightforward as soon as we remark that 
the volume of the polytope {0 < xi,..., < 1} is exactly Since the indicator 

function in the integrand depends on conditions between neighbouring points, this 
result can be rephrased in terms of Sawtooth model. 

Regrouping the inequalities between elements of the same run of A yields: 


( 3 ) 


ISaI =n! 


'[0,1]" 


Ixi<X2<-"<Xi^Ixi^>Xi^+l>--->Xi^+i^ . . . 1 




Y\_dxi, 


and by integrating over all the coordinates that do not correspond to extreme cells, 
we get 

1 


ISaI =nl 


^ \ 1 ( s 2)-2 1 


ry.+ _ rp— 

vt/ 1 1 I 


(;(S2) - 2)! 


\Jb-\ Jb 


|Z(s 


l{,S2r) — 2 


XJ — X, 


r+l 




Let Sx be the non-renormalized Sawtooth model with the non-renormalized density 
functions {fj,gj}i<i<r such that 


/iW = 


(/(s2j-i) - 2)! 




{l{s2j) - 2 )! 


^I{s2j) 


-2 


A comparison between the latter expression of |Sa| and the expression (|2]) of the 
volume of a Sawtooth model gives 


SaI = |A|!V(5a) 


To sum up, two processes are constructed from A. The hrst one, ax comes from 
the uniform random standard filling of the ribbon Young tableau A, and the second 
one comes from the construction of an associated model Sx- They are of course 
intimely related, even if the hrst one is discrete and the second one continuous. 
ax can be recovered from Sx by the inverse standardization, and when |A| goes to 
inhnity and {Xj^Xp) are approximately the same : 
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Lemme 6. The following inequality always holds for 0 < e < 1, n G N; 




A 


< 


'n + 1 n ^ArT2' - A2 

In particular if the densities of xj and xp remain bounded by a constant B, 


\^{Xi,Xp) F °'(i) °'(") 


0 . 


n+1’n+1 


Proof. Let us evaluate — Xj\ > Let condition this on a particular 

realization a of ax, and suppose that (t(1) = k. In this case, the conditional density 
of Xj is : 

dxi\ax=a{xi) =n\{ JJ dXi) 

([ n 


n\ 


{k — l)!(n — k)\^^ 

Computing the conditional expectation yields E(X/|(t) = 

/cn + l-Zc. 1 . 1 

Var{xi\a) = (——- 

n+1 n+1 

Thus by the Chebyshev’s inequality, 


fc-i 


{l-xi) 


n—k 


and 

n+1 


< 


n + 1 n + 2 


'^Xi\uy^=a{\Xl - ^1 > 


A 


< 


n + 1' ' x/nT^^ 

Integrating this inequality on all the disjoint events a on which X/ can be conditioned 
yields the first fart of the Lemma. The second part is straightforward. 

In the sequel let + denote for r > 2 the function %(t) = and 7 r(t) 

(r — its renormalized density function. 


□ 


4. Convex Sawtooth Model 

4.1. Log-concave densities. To be able to get some results on the behavior of the 
particles, it is necessary to impose some conditions on the density functions {fi,gi}. 
Actually the condition we need is quite natural from a physical point of view, since 
we will require that the repulsive forces in the dehnition of the Sawtooth model 
come from a convex potential : the consequence is that the density functions should 
be log-concave. This motivates the following dehnition : 

Definition 6. A Sawtooth model is called convex if all the functions {fi, gi)i<i<n (ire 
log-concave. This means that for all 1 < i < n, and are decreasing. 
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The main advantage of the log-concavity is that the behavior of the particles 
becomes monotone in a certain sense. For 1 < s < n -|- 1 denote by (resp. 

the Sawtooth model obtained by keeping only the particles and interactions 
between Xj and Pg (resp. Pg and Xp). 

Proposition 3. Let {fi,gi} be a convex Sawtooth model. Then for 1 < s < n, 
0 < t < 1, Fxs\Ys=yif) 'i'S decreasing in y, and FYs\Xs+i=x{t) is decreasing in x. 
Moreover 

Fxs\Ys=y{t) > Fx,\S^Xs(^) 

and 

FY,\X,+i=x{t) < Fy.lS^Y^it) 

Proof. Let d{x) be the density of Xg in S^Xs- Then by the dehnition of the 
propability density of S, the density of Xg in S conditioned on the value of Yg 
is , with A a normalizing constant. Thus the cumulative distribution 

function Fy l.) of Xg conditioned on Yg = y is 

p . X ^ d{x)fg{y - x)dx 
^ lo di^)fs{y - x)dx 

For f > y it is clear that -^Fyit) = 0, and from now on we only consider t < y. Since 
the logarithm function is increasing, it is enough to show that ^ \og{Fy{t)) < 0. This 
derivative is equal to 
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Expressing products of integrals as double integrals yields 


A 


- ^l)fs{y - Z2)dZidZ2 

t<z2<y 

- d{zi)d{z2)fs{y - zi)f,{y - Z2)dzidz2 

t<z2<y 


L <^c^(^i)c^(2:2)(/i(l/ - zi)fs{y - Z 2 ) 

■^t<z2<y 


fs{y - zi)f,{y - Z2))dzidz2. 


Since d{zi)d{z 2 ) is positive and is decreasing, A < 0 and the first part of the 
Proposition is proven. 

From the first part of the Proposition, it suffices to prove the first inequality of the 
second part only for y = 1. Since fs is increasing, there exists a measure y on [0,1] 
such that fs{x) = Jq dy{u). Thus 

JP _ /o lx<t,u<i-xd{x)dfj,{u)dx 

/g(i(a;)(/Q ^ dy{u))dx ^\^Q^ 2 '^u<i-xd{x)dy{u)dx 

The main point is to express the latter quantity as the expectation of a random 
variable almost surely greater than j^d{x)dx. Interverting the integrals yields 


^ fo d(x)dx^ dy(u) 

lo (lo~''d(x)dx^ dy(u) 


fo f,^--%)dx ^^) (fo " d(x)dx)dy(u) 

fo (fo~''d(x)dx^ dy(u) 


Let U he a random variable absolutely continuous with respect to y and having the 
density 




(fo ^ d(x)dx'j dy{u) 
fo dy(u 


Then 


Since for each m > 0 




^ d(x)dx 


C-d(x)d. 


X 


Jq ^ d(x)dx Jo 


> / d{x)dx, 


this concludes the proof. 

It is exactly the same for FY^\Xs+i=x(t). 


□ 
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4.2. Alternating pattern of a convex sawtooth model. Proposition |3] yields 
two main features for the model. The hrst one is an extension of the previous result. 

Proposition 4. Let l<s<r,0<t<l. Then Fx^\Xr=x{t) is decreasing in x and 
Fx^\Yr=yif) is decreasing in y. Moreover 


and 


Fxs\S^Xri^) < Fx,\Yr=y{t) 


Fxs\s^yM) > Fxs\Xr+l=x{t)- 


Proof. Let s > 1 and let us prove the monotonicty by recurrence on r, starting at 
s = r. Fx^\Xs=xit) is clearly decreasing in x and from Proposition [3l Fx^\Ys=yit) is 
decreasing in y. Thus the initialization is done. 

Suppose the result proved until Xr. Then 

Fxs\Xr+i=x{t) = / Fx,\Yr=y,Xr+i=x{t)dY,\X,+i=x{y)dy, 

Jo 

and by an integration by part, since from Lemma ll]Fxs|n-=y,A^+i=a;(^) = Fx^\Yr=y(t), 

g 


FXs\Xr+l=xit) - Fx^\Yr = lit) - 


dy 


Thus 


d 


d 


Fxs\Yr=yit)FYgXr+i=x{y)dy. 


d 


j;Z^^-Xr+i=x{t) = - I ^Fx,\Yr=y{t)—FYgx,+i=xiy)dy. 


dx 


dy 


By recurrence ■§^Fx^\Yr=y{t) is negative and by Proposition [3] (a:) is neg¬ 

ative, thus -^Fx^\Xr+i=xit) is also negative. It is exactly the same for Fx^\Yr.+i=yit)- 
Let us prove the second part of the proposition and let y G [0,1]. Conditioning Xs 
on Xy. in S^Xr yields 

FXs\S^Xr^i^) — '^iFxs\Xr=Xri^))^ 
with Xr following the law of Qr in S^Xr- 

On one hand from the hrst part of the proposition, Fxy,\Xr=x{t) is decreasing in x. 
On the other hand from Proposition [3l Xr stochastically dominates {Xr\Yr = y). 
Thus from Proposition [H 

Fxs\S^xM) = ^ Fx,\Yr=yif)- 

The same pattern proves the second inequality. □ 

There is an immediate consequence of this Proposition on the behavior of Fx„\s^Xn (^) 
with n> s. 

Corollary 1. The following inegualities hold for n> s: 

Fxs\s^xs('^) < ■ ■ ■ < Fx,\s^xS'^) < ■ ■ ■ < Fx,\s^Y^{t) ■ ■ ■ < 
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Proof. The previous Proposition yields directly the following inequalities : 

FXs\S^Yri^) ^ FXs\Yr = l > Fx,\S^Xri^). 

Moreover 


Fxs\S^x^^i (t) - Fx,\Yr,=y{t)dY„\S^x^^i 


> 


'[ 0 , 1 ] 


Fx.is^x,, i^)dYjs^x„+i iy)dy 


>FXs\S^Xr, W’ 

the hrst inequality being due to Proposition |3l By symmetry between and 
the general result holds. □ 


4.3. Estimates on the behavior of extreme particles. As a second consequence 
of Proposition [3] we can get a more accurate estimate on the behavior of the first 
and last particles of S. In particular we can achieve a coupling of (X/, Xp) with two 
couples of random variables, which only depend on fi and gn and give some bounds 
on {Xj,Xp) in the sense of the stochastic domination. 

In this paragraph we will not assume that the hrst and last particles are lower ones, 
and deal with model of any type (refer to Remark [1] for the dehnition of the type 
of a model). Moreover to describe the bounding random variables we introduce two 
particular transforms P+ and P“: 


Definition 7. Let f be a positive function on [0,1]. Then P^(/) and V (/) are the 
functions defined on [0,1] as : 


and 


r-(/)(t) 


J^_J{u)du 
Jo f{u)du ’ 


r+(/)(t) 


Jo f(u)du 

Jo f(u)du 


Remark that P {f){t) (resp. r~^{f){t)) is the cumulative distribution function of 
the random variable 1 — Z (resp. Z), Z being the random variable with density 
fiP 

fo fipdx ■ 


Proposition 5. Let S be a convex Sawtooth model of type e with density functions 
{fi, gi}i<i<n and at least four particles. There exists a probability space and two 
couples of random variables (X_|_,K|_), {X_,Y_) on it, such that : 

. (x_,y_) {XpXp) Y, (x+,y+). 

• X+ and y+ are independent with distribution function 


Fx^xAFt) = r^{fi){s)r%gnm. 
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• X- and y_ are independent with distribution function 

Fx-.YA^.t) = (r- o r!(/i)) (s) (r> o r-5(j„)) (;). 

with —* = + and +* = —. 


Proof. We assume without loss of generality that each fi,gi is renormalized and, 
since the type of the Sawtooth model doesn’t change the pattern of the proof, we 
assume that S is of type-. 

On one hand the conditional law of {Xj,Xf) given the value of Yi = yi,Yn = yn 
has for cumulative distribution function : 


Fxi,XF\Yi=yi,Yn=yni'tl^'t2) 


_ fijyi - 9n{yn - y)dy) 

do" fiddx)do" 9 n(x)dx) 

= FxpYi=yi(i)FxFlY„=y„(i)- 


This together with Proposition [3] gives the bound 

Fxi,X„+ilYi=yi,Y„=y„(tl, t2) =FxjlYi=yi(i)FxFlY„=y„(i) 

>PxilYi = l(i)FxFlY„=l(t). 

Since 

= (1 - Ff,(l - i,))(l - F,.(l - b)) = r-(/i)(s)r-(s»)(*). 

this gives the upper part of the stochastic bound. 

On the other hand, the density of (Yi, W) conditioned on the value of (X 2 ,X„) is 

dYl,YulX2=X2,Xr,=X„(l/l, Un) 


= 1 , 


do" flivi - ^)dx)gi{yi - X2) (/(f" gnjyn - x)dx)fniyn - Xn) 

SLdo - x)dx)gi{z - X2)dz do 9 n{z - x)dx)fn{z - Xn)dz 


=1 


yi>X 2 ,yn>Xn pi 


Fp{yi)gi{yi - X 2 ) FgSyn)fn{y 2 - Xr. 


1x2 dld)9ld - X2)dz Fgjz)fn(z - Xn)dz 


Factorizing the latter density yields 

dYi,Yr^\X2=X2,Xr,=Xr,{yi,yn) = '^Vi |X2 =0:2 (l/l) V„ |X„ =a;„ (z/n) • 

Let us hrst consider Yi. Recall that gi is an increasing function. This means in 
particular that 

1 r 

yi(x) = J dX{u), 

with A a probability measure on [0,1] having eventually a dirac mass at 0 and then 
a continuous density function on ]0,1]. Thus the density of W conditioned on the 
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value of X 2 is 


*^Yi|A 2 =X 2 ( 1 / 1 ) — 


I'Vl 


d\{u — X 2 ), 


X2 


with A a normalizing constant. Let be the density function dehned for 0 < u < 1 
by 

1 

duiy) = 

■^u 

with Au a normalizing constant depending on u and let Fu{t) be the associated 
cumulative distribution function. On one hand 


FYi\X2=X2{t) 


fo lm>x2^fi(yi) dKu - X2)dyi 

fo hi>x 2 -^fi(yi) - X 2 )dyi 

_ Id fx\ (yi)dMu - X2)dyi 

fo 1x2 lyi>uFf,(yi)dA(u - X2)dyi ’ 

and after interverting the integrals, since = 1, 

L[(fo lyi>uFf,(yi)dyi)dA(u - X2) 


^VllX2=X2(i) 


If^do lyi>uFf,(yi)dyi)dA(u - X2) 
Jf AuFu{t)dX{u - X 2 ) 


Aud\{u - X 2 ) 

=Ep(Fp(t)), 

with il a random variable with law dUiu) = lu>x 2 Twww 7 r^^- 

- L 2 Aud\{u-X2) 

On the other hand 

SAfMdu ^ T,,{t)-T,Xa) 

with Ff^ being the primitive of Fh taking the value 0 at 0. This yields 

FfAu). 


du^’ du^ FfM)’ 


FhiX)- Ff^{u) 


+ 1 ) 


d 


(!)) — ( 


FfAu) 




<0, 
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and thus 


Fu{t) < F(i(t) ^ 


F/Jt) 

■Ff.a)' 


Integrating with respect to [/ yields 

-^VilX2=x2(^) = IEp(-Fp(t)) < E^(Fo(t)), 

and dually -^Yi|X 2 =x 2 (^) < integrate this inequality to get a 

bound on the cumulative distribution function of X/ conditionned on X 2 : 

-Fx/ 1X2=12 (^) = [ -^A/|yi=j/(^)'^yi|X 2 =a; 2 (l/)'^l/ 


--^xqyi=i(f) - 
<Fxqyi=i(t) - 


) dy 


Fxj\Yi=y(t)FY^\X2=X2{y)dy 




< [ Fxj\Yi=y(t)-^^dy. 

Jo F /pi) 

Note that the sense of the inequality on the third line is due to the negative sign of 


-Q-yFxj\Y^=y{t). Since 


Xi\Yx=y 


=y(j) 


FfM 


F 


dy = 


fiW 


fijy - u)du Ff^jy) 
) Ff^{y) Ff^{l) 


dy 



0 J u 


lo Ffjl - u)du 


r,A0 


= r-(OJ(i). 


this yields the inequality 

f’x,ix,.„(«)<r-or+(/,)W. 

Note that the latter inequality is valid even if the model has only three particles 
(see the next Corollary). Finally since in our case there are at least four particles, 
Xf + Xi, and thus C)f,|x,.i 2 ,A>.s(t) = ■fx,|x,.i 2 (t)' Therefore 

Cv,|x,.„W<r-or+(/i)(t), 

and by averaging on u, 

Fx,(t)<r-or+(/i)(f). 

Doing the same with Xp gives the bound : 

Fx,(t)<r-or+(f7„)(f). 
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The result follows from Lemma |3l □ 

In particular as a corollary of the latter proposition (and as a corollary of the 
proof in the case n = 2), the following result holds : 

Corollary 2. Let S be a convex Sawtooth model of type e with density functions 
{fi, 9i}i<i<n ■ There exists a couple of random variables such that for 

I/e [ 0 , 1 ], 

. ^,(1) {Xi\XF = y) ^,(1) Z(2), 

• The cumulative distribution function of Z^‘^1 is : 

• The cumulative distribution function of Z^^l is 

F2<.,(«) = r<WopW(/i)(«). 

Proof. For n > 3, the result is deduced from the latter Proposition. In the case 
n = 2, the proof is exactly the same as in the latter Proposition, except that we only 
deal with the left case, and thus we don’t need anymore the fact that X 2 7 ^ Xp. □ 

5. The independence theorem in a bounded Sawtooth Model 

5.1. Decorrelation principle and bounding Lemmas. This section is devoted 
to the proof of the independence of Xj and Xp when the number of particles grows 
whereas the repulsion forces remain bounded. 

Definition 8. Let A > 0. A Sawtooth model S with density functions {fi,gi} is 
bounded by A if 

sup(||/i||[o,i], ||c/i||[o,i]) < A. 

The purpose is to prove the following Theorem : 

Theorem 3. Let A > 0. For all e > 0 there exists Na > 0 such that for all Sawtooth 
model S bounded by A and with 2n > Na particles we have : 

\\dxi,xA^^y) - dxi{.^)dxAy)\\oo < e 

The pattern of the proof is the following : conditioned on the fact that a particle P 
- from now on called a splitting particule - is closed to the boundary of the domain, 
the left part S^p and the right part iS<_p of the system are almost not correlated 
anymore (see Figure 0]). 

However we may still not have independence if the law of Xj and Xp depends on 
which particle splits the system. Thus we have to hnd a set of particles that is large 
enough, so that with probability close to one an element of this set is close to the 
boundary, and such that nonetheless conditioning on having any particle from this 
set closed to the boundary yields the same law on {Xj,Xp). 

Let us hrst begin by bounding the density of the {Xj,Xp). 
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Figure 4. Decorrelation of the process 

Lemme 7. Suppose that ||/i||oo ^ ^ S be a Sawtooth model larger than 2. 

Then there exist Ka only depending on A such that for all event X depending on 

■■ 

\\dxi\x\\ OO <Ka. 

More precisely Ka = 4^4^ fits. 

This Lemma was already mentioned in the specihc context of compositions in 
[BHR03j . We provide here a different proof. 

Proof. By Lemma IH it suffices to prove it for a conditioning on {X 2 = X 2 }. From 
Lemma[5l dxj\X 2 =x 2 i.^) is decreasing in x and thus it is enough to bound dxj\X 2 =x 2 {^) ■ 
We have 

, ^ jlji{z)gi{z - X2)dz jl^gi{z - X2)dz 

C^FfA^)9i{z-X2)dz~ jl^Ff^{z)gi{z-X2)dz 

Remark that 

- X2)dz _ 1 

- X2)dz E^(F/i(Z))’ 

with Z being a random variable with density \z>x 29 i{z — 3 ^ 2 )- Since || FfM < A and 
U.(i) = 1 . u. {t) > 1/2 on [1 — l/(2y4)]; moreover z 1 —)■ gi{z — X 2 ) is increasing, 
thus P(Z e [1 - 1/(2R), 1]) > ^ and by Markov’s inequality E^(Fj^(Z)) > l/4kl. 
Finally 

dxi\X2=x2{^) < 4A^. 

□ 

The next step is to get a bound on the first derivative of dxj- This is possible 
only if gi is also bounded by A and the model is large enough. 

Lemme 8. Suppose that sup(||/i||oo, ||5'i||oo) < A and that S is a Sawtooth model 
with at least four particles. Then there exists a constant Ra only depending on A 
such that for any event X depending on {W+i,hi}j>2, 

||(dx/|A)1|oo < Ra- 
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Proof. For exactly the same reasons as in the previons proof, it snffices to bound 
the derivative of the density conditioned on X = {Y 2 = j/ 2 }. The expression of the 
density probability yields 


d 


Xi\Y2=y2 


=i,AX = 


/J fijyi - x)dYi\Y2=y2{yi)dyi 

fo (ix - x)dYi\Y 2 =y 2 iyi)dyi) dx 


Let A = f^( fi(pi — x)dYj^iY 2 =y 2 (pi)dpi] dx, which is independent of x. Then 


d 


1 , d 


Q^dxi\Y 2 =y 2 i^)\ ^ Qx I x')dYi\Y 2 =y 2 {yi)dyi\ 


<- 


1 

, 1 

^A 


A 

'dx 


fl{yi - x))dY,\Y2=y2iyi)dyi - fl{0)dY,\SY,^,Y2=y2i^)\ 


d 


-i-^fl)iyi - x)dY,\Y2=y2iyi)dyi\ + \fl{0)dY,\Y2=y2ix)\ ] , 


Let US hrst bound the numerator. By the expression of the density of Yi conditioned 
on 1^2 = 1/2, 


dYi\Y2=y2{yi) 


d^fiiyi)dYi,SY^^\Y2=y2iyi) 


with Yi having the density dy^, 5 y^^|y 2 =?/ 2 - Since gi is bounded by A, from Lemma 
El \dYi,SY^^\Y 2 =y 2 \ < -^A- From Lemma [5l dy^,5y^^|V2=?/2(l/) is increasing in y, and 
\F'j-^ \ < A, thus Ey^(Ff^(Yi)) > ^ and 


|/l(0)dyp5y^^|y2=j/2(x)| < AA^K\. 


Let us bound also the hrst term of the sum: /i being increasing, ^fi{yi — x) < 0 
and we can thus remove the absolute value in this hrst term. An other application 
of Lemma El yields: 


d 

-(^/l)(l/2 - x)dY^\Y2=y2{yi)dyi < Ka{ 


d 


_ dx 
<Ka{{MI-x 


fi){y2-x)dy2) 

/i(0)) <AxKa. 


The numerator is thus bounded by AKa + ‘iA^K\. 
Interverting the integrals in A yields : 


^=/ Ff,{yi)dY^\Y2=y2{yi)dyi. 

JQ 

Since is bounded by A and F/^(l) = 1, we can conclude as in the previous proof 
that Ff, (t) A ^ on [1 — 1/(2A), 1]. Moreover Yi is an upper particule and thus by 
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Lemma[5l dY^\Y 2 =y 2 {yi) is increasing in 1 / 2 . Since ^ <^yi|Y 2 =y 2 = 1; this implies that 


'1-1/(2A) 


dYi\Y2=y2{yi)dyi > 


and yields A > The bounds on the numerator and on A yield : 


I — 

dx 


dxAY2=y2{x)\ < ^A\Ka + AAKl). 


□ 


As an application of the latter Lemma, we can also prove that y 1 —)■ Fxj\XF=y{i) 
is Lipchitz : 

Proposition 6. Let S be a Sawtooth model with n > 3 lower particles. Suppose 
that {fi,gi,fn,gn} are hounded by A> t). Let Ra be the constant of Lemma\E (with 
Ra >1/ Then on a neighbourhood [0,1/-Ryi] o/O, 

'[0,l/i?A] ^ (C([0,1],M),||.||) 


7 : 


y 


i-A 


7i\XF=y 


is Lipschitz with a Lipschitz constant Ba only depending on A. 

Proof. It suffices to prove that for x G [0,1], 1 / 1 —)■ dxj\XF=y{a^) is Lipschitz on 
[0, 1/ Ra\ with a Lipschitz constant independent of x. 

From Lemma El is decreasing and thus on [1/Ra, 1], dxF A dxpi)-!R a)- From 
LemmalHl |^dx^(i/)| < Ra and thus on [0, 1/Ra], dxpiv) < dxpiX/R a)+Ra{MRa- 
y). This implies that 


'[ 0 , 1 ] 


P^/Ra 

dxF{y)dy< I dxpi^/RA) + RA{^/RA-y)dy + 

1 


a/Ra 


dxpi^/R a) 


^dxpif-l Ra) + 


2Ra 


Since dxp = fhis implies that dxpiX/RA) > 1 — and thus that dxp ^ 

1 on [0,l/i?x]. 

From LemmalHl ||^dx^|X/=x|| < Ra- Thus since ||/i|| < A this yields by applying 
Lemma m on dxj,XF{a^yy) — dxF\Xi=xiy)dxi{x): 


Thus on [0,1/-Ryi], 
d 


-A-dxj\XF=y{^)\ - , f \\^ 

dy ^ dxpiy) dy 


d 

-^dxj,XF{x7)\ < KaRa- 


1 , a , , , dxFXF{x,y)-§-dxF{y) 

'Trdxj,XF{x,y) - 


dxpiy) 


<- 


1/{2Ra) 


(KaRa + 


RaK^ 


1/{2Ra)^' 
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Set Ba = i_i/( 2 R^) {KaRa + t^ 7 (^r 7 ))- Then 7 is i?A-Lipschitz on [0, 1/Ra\- □ 

5.2. Behavior of {Xj} for large models. The purpose of this subsection is to 
hnd for a model S a large set of intermediate particles {Xr} for which almost surely 
one of these particles is close to 0 and such that Fxj\Xr=o is essentially the same for 
all particles of this set. The hrst part is a essentially propability computation : 

Proposition 7. Let r] > 0,e > 0. There exists Nq such that for any model S of size 
N larger than Xq + 4 and for any 2 < r < N — Nq, yr+xo ^ [O 5 1]? 

P( IJ {Xi < T]}\Yr+No = Vr+No) > 1 “ C. 

r< 2 <r+A ^0 

Proof. Let Nq be an integer to specify later and S, r as in the statement of the Propo¬ 
sition. Let P = P(nr<i<r+Aro{"^* - v}\Yr+No = Ur+No)- Condition this probability 
on the value of Y^-i = yr-i and denote by P this quantity. Then we have 

p /[r;,l]^ 0 +l /[r;,l ]^0 nr-<i<r+7Vo ^Xi<yi,yi-ifiidJi ~ Xi)gi{lli-i — Xi) dXidyi 

/[ 0 ,l]^ 0 +l /[o,l]JVo nr<i<r-|-7Vo ^Xi<yi,yi-lfiiVi ~ ~ ^i) 11 11 

We can operate the linear change of variable 

fXi Mi = j^iXi - T]) 

\yi^Vi = J^{yi - 7]) 

on the numerator. This yields 

p_ f (1 - 77 )^^°+^ nr<WVo " V){Vi " Ui))gi{{l - p)(Mi - Mj+j)) 

'' /[0,l]2^0+l llr<i<r-|-Afo ^Xi<yi,yi-ifi{yi ~ Xi)gi{yi-i — Xi) dXi dj/j 

X gr{yr-l - ((1 - V)Ur + T])) fr+No{yr+No “ ((1 “ V)Ur+No + V)) n duidvi- 

Now recall that each fi,gi is increasing. Moreover (1 — r]){u — v) < [u — v), and 
y — {{1 — rj)u + rf) < y — u. Thus 

^ < (1 - 

Let Nq be such that (1 — ry) 2 Ao+i ^ ^ Then by averaging on yr-i, 

P<e, 

and this concludes the proof. □ 

As said before, it is also necessary that Fxi\Xr=o remains almost constant among 
this subset of particles. This is possible for large Sawtooth models, thank to the 
monotony results of Proposition H] : 

Proposition 8 . Let A,e > 0, M G M*. There exists N^,a,m such that for any 
Sawtooth model hounded by A and of size N > N^^a,m, there exists 1 < r < N — M 
such that for r <i,j <r + M, 
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Proof. Let 5 be a Sawtooth model bounded by A and of size N. 

Denote by Fj the function t i—)■ Fxj\Xi=oit) ior 2 < i < N. By Lemma [3, all the 
Fi are Lipschitz. Let K = It suffices to hnd r > 2 such that for all 

r < i, j < r + M, and all 0 < fc < F, 






< 


Denote by Vi G [0,1]'^+^ the vector Let N^^a,m = dL([fJ + 1)^+L 

Then if iV > by the Dirichlet principle on [0,1]'^"''^, there exists an hypercube 

of size I that contains at least M distinct points Uji,... ,Vij^ (with ii < ■ ■ ■ < im)- 
Moreover by Proposition 01 for all hxed 0 < /c < iP, nj(fc) = Fj(-^) is decreasing and 
thus for all ii<i< IM) Di(fc) < d(^) < Dm(^)- This yields for all A <i,j <iM, 


Vi - Vj 



□ 


5.3. Proof of Theorem[3l Theorem[3]is a consequence of the following proposition 


Proposition 9. Let ^4 > 0. For all e > 0, there exists a number Na^ ^ 0 such that 
for all Sawtooth model S bounded by A and with 2n > NA,e particles we have : 

\Fxi\XF=y{t) - Fxi{t)\ < e. 

for all t,y E [0,1]. 

Proof. Set r] = inf(-^, with Ra, Ba the constants given respectively by Lemma 
[S] and Proposition 01 Let Nq be the constant given for r] and e by Proposition [3 
And hnally set Na,^ = Ne/ 4 ,,A,No + 4 given by Proposition |8l 

Let iS be a Sawtooth model bounded by A of size larger than Ahi,e. Then by Propo¬ 
sition IHl there exists 2 < r < Na,^ — 2 — Nq such that for all r < i, j < r -|- A"o, 

^Fxj\Xi=Q — Fxj\Xj=o\\oo < e. 

Denote t = r + Nq and let yt G [0,1]. For r < i < r + Nq, set Li = {Xi < 
T] n {Vs > i,Xs > T]}}. Note that Lj fl Lj = 0 for all i ^ j and [jLj = L with 
T = Ur<i<r+Ao{^* — h}- Moreover since Lj is (X^, measurable, by Lemma 

m conditioning Xj on (Xj = u,Yt = yt} H Lj is the same as conditioning X/ on 
(Xj = u}. Thus 

rv 

\\Fxi\Li,Yt=yt - Fxi\Xr=o\\oo =11 / {Fxj\Xi=u - Fxj\Xr=o)dXi\Li,Yt=yti'<^)dM\oo 

Jo 
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by the choice of r]. Recall that if A = [jRi, with Ai disjoint events, then for any 
event C, 

¥{C\A) = Y,nC\A,)¥{MA) 

In particular for L = [J-Li this yields 

\\Fxj\L,Yt=yt - Fxj\Xr=o\\ =11 '^{Fxj\Li,Yt=yt “ Fxj\Xr=o)'F{Li\L,Yt = 


- \\{Fxi\Li,Yt=yt - Fxi\Xr=o\\oo^{Li\L, Yt - yt) 


<2e. 

By Proposition [7] and the choice of iVo, ¥{L\Yt = ?/t) > 1 — e, and thus 

\\Fxj\Yt=yt - Fxj\Xr=o\\oo < 3e. 

By averaging on yt with the density dYt\Xp=y we get 

^Fxj\XF=y ~ FxiWoo F 4e. 


□ 


Let us end the proof of the Theorem [3l which consists essentially in a rewriting 
in terms of densities of the latter Proposition. 

Proof. Let R > 0, e > 0. Set ei = and let 5 be a Sawtooth model bounded 

by A of size larger than Na^ei {Na,€i being given by Proposition [9]). Then from 
Proposition ini for y G [0,1], 

‘ejKAf 


(4) 


^Xi\XF=y - FxiWoo < 


2R, 


Moreover the following result holds for functions on [0,1]: 

Lemme 9. Let f,g : [0,1] —)■ [0,1] be two C^— functions, such that ||/'||oo, lls'lloo < 
M. Then for e > 0, if F,G are two primitive of /, g and 

ll^-G||oo< 


2M’ 


then 11/ - g\\oo < e. 

Applying this Lemma to (jl]) yields for y G [0,1], 

\\dxi\XF=y — dxiWoo < c/A'a- 

And hnally, 

\dxi,XF{x,y) - dxi{x)dxF{y)\ = \dxF{y)\\\dxi\XF=y{x) - dxi{x))\ < Ka^ < e. 

Pa 


□ 
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6. Application to compositions 
Theorem [3] can be applied to the framework of compositions : 

Corollary 3. Let A > 0, e > 0. There exists n > 0 such that for any composition A 
of size larger than n with every runs hounded by A, 

\\ds^{x,y) - ds^{x)ds^{y)\\ < e 

Proof. Each rnn of A of length I yields a density fnnction 7 / in S\, and || 7 «||oo = ^ — 1- 
Thns if any rnn of A is bonnded by A, then all the density fnnctions {fi,gi} in Sx 
are bonnded by A — 1. It snffices then to apply Theorem [3l □ 

The pnrpose of this section is to strenghen Corollary |3] and to prove the following 
Theorem : 

Theorem 4. Let e > 0, A > 0. There exists n> 0 such that for any composition A 
of size larger than n with first and last run bounded by A, 

(5) ||d 5 ^(a;,i/) -d 5 ^(x)d 5 ^(i/)|| < e. 

This Theorem was actnally Conjectnre 4 in [BHROdj . By Lemma El the latter 
Theorem is eqnivalent to Theorem |2l The proof of Theorem 0] is followed by some 
applications. 


6.1. Effect of a large run on the law of {Xi,Xf). From Corollary El it is 
enongh to prove that the presence of a large rnn inside the composition disconnects 
the behaviors of A/ and Xp. The main reason for this is the Lemma below: for 
each composition A, denote by A^ the composition A with a cell added on the last 
rnn, and by A“ the composition A with a cell removed on the last rnn. 

Lemme 10. Let A > 0 and A a composition with more than three runs and with the 
first run smaller than A. If the last run of A is of size R, 

\\ds, - 

where is the bonnd on the density of A/ as dehned in Lemma [71 


Proof. Let ns prove it in the case where the hrst rnn of A is increasing and the last 
rnn decreasing, the other cases having the same proofs. The expression (El) yields 




/>■ 


'5;, I 
Xi,xP 


X, z)dz 


/[0,1]2(X 


d ^^ I 

y ^Xi,Xf' 


X, z))dxdy 
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Thus by integrating on y and then interverting the integrals, this yields 

Jo (Jo 4 ' z)ly<Jy)dz 


dxj (^) 


f[0,1]^do dxj,xpd, z)ly<,dy)dxdz 

lo dx),xd^^z)zdz 

I[o,i]2d%^Xpd^dzdzdx 

Factorizing by d'^ {x) makes a conditional expectation appear and thus 


/»+ (2,1 _ ,f>., 


Moreover Proposition |5] yields 


-Tzi < ^XpIXj=x < ^Zz, 

with Fz^ = r“(F!y^) and = r“( 7 ii;). Since T~= 1 — (1 — t)^ and 
^~{lR)(t) = 1 — (1 — by stochastic dominance applying Proposition [1] gives 

i<E 5 ,(W|X,=n<;^. 

Integrating the latter result on x yields ^ < E5^(Xi7’) < and thus 

R-l ^ Es,{Xf\Xi = x) ^ R 
R - Es.iXp) -R-1 

This yields 

\ds^+{x) - ds>^{x)\ < 1^5;,(a:)I 

□ 


In particular the previous Lemma can used to bound the conditional law of the 
hrst particle with respect to the last one. For each composition A, and each cell 
i G A, denote by A^j the composition A truncated just after the cell i. Moreover 
denote by Rint{X) the set of all runs of A except the hrst and last ones. 


Proposition 10. Let ^4 > 0 and A a composition with first run bounded by A. Then 


IF 


Xi\Xp=x 


=x - F 


XjIIoo < 


Ka 

suPseR„,(A)^(^) -2' 


Proof. Let t G [0,1]. Let Sq be the run with maximal length R in Rint and let zq be 
the rightest cell of this run. This cell corresponds to a particle Xj of Yi in Sx- Let us 
assume without loss of generality that this particle is a lower one. From Proposition 
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El Fx^\Xr=x (t) is decreasing in x and thus 

\Fxi\XF=x{t) — Fxj{t)\ =\Fxj\XF=x{t) — / Fxj\XF=x{t)dxF{x)dx 

JXp 

<\ Fxr \ XF = o ( t ) — Fxj \ XF = l ( t )\ 

<Fxr\XF=o{t) - FxJ\Yr^=l{t)■ 

Moreover from Proposition [3] and Proposition 01 

Fxi\XF=oit) < FxiISx^yA^) < FxiiSx^Viit) < Fxj\Xi=o, 

and 

Fxr\Y„=lit) > Fxj\Sx^X„it) > Fxj\Sx^Xi{t)- 

These inequalities imply 


\Fxi\XF=xit) - Fxj{t)\ < Fxj\Xi=oit) - Fxj\Sx^Xi{t). 

From the expression ([3]), Fxj\Sx^Xiit) = Fxi,Sx^. {t) and Fxi\Xi=o{t) = Fx^,s {t)- 
Thus with the previous Lemma, since the last run of \L,iQ is of size i? — 1, 

\Fxi\XF=xii) - Fxj{t)\ < \Fxj,Sx^^^{Fj -Fxi,s^- (i:)| < 

□ 


6.2. Proof of Theorem [4l The latter Proposition together with Lemma [9] yields 
Theorem 0] in case d'x^ remains bounded. However the bound of the derivative in 
Lemma IH] requires also a bound on the second run, and the latter is not assume in 
our case. We should thus deal with this case before getting the general proof. Let 
us hrst consider a particular case. 

Lemme 11. Let Af, be the composition with three runs of respective length 2, b and 
2, and db{x,y) = dxj,\Y 2 =y{^)■ Then the following convergence holds: 

lim sup {db{x, y) — {1 — x^)) = 0. 

[ 0 , 1 ] 2 

In particular the asymptotic independence : 

( 6 ) 


lim sup {db{x, y) - db{x, y')) = 0. 

x,y,y> 


is valid. 


Proof. After integrating in ([3]) the coordinates of the particles inside the composition 


( 7 ) 


db{x,y) = 


X 


{l-yY + {{x-y)A0Y 


(1 - 1/(6 + 1))(1 - (1 - yf) + y/{b + 1)(1 - yy 




SAWTOOTH MODELS AND ASYMPTOTIC INDEPENDENCE IN LARGE COMPOSITIONS 29 


Let US show that lim db{x, y) — {1 — = 0 uniformly in x and y. In the denom- 

6—>-oo 

inator of ([7]), letting b go to +oo yields 


(1 


1 


6 + 1 


)(i - (1 - yf) + y/{b + i)(i - yf i - (i - yf, 


with the equivalent being uniform in x and y. Indeed 
y/{h+l){l-yY 1 {l-yf 


< 


Since for x G [0,1/2],?/ G [1/2,1], db{x,y) converges uniformly to 1, it suffices to 
consider in the sequel that x G [1/2,1] and y G [0,1/2], Let A be dehned as 


A{x,y) 


X 


{l-yY + ix-yY 


1 - i^-yY 


=( 1 - 


x^ — (x — yY 


)-{l-x^) = 


- (1 - x'') 

(x — yY — (1 — yY^^ 


l-{l-yY' " ' l-(l- 2 /)' ■ 

A derivative computation shows that A{x,y) < Y which proves the uniform con¬ 
vergence. Since lim jjdb(x,y) - (1 - [ 0,112 = 0, 

b->-oo 


lim sup (db(x, y) - db{x, y')) = 0. 


b —>00 y^yf 


□ 


From the latter result can be deduced the asymptotic independence with a large 
second run : 

Lemme 12. Let A, e > 0. There exist Ba G M such that if X is a composition with 
at least three runs, the extreme runs hounded by A and the second run larger than 
Ba, then 

\\dxi,XF — dxjdxpWoo A e 

Proof. Let A be a composition with hrst run of length a and second run of length b. 
From the dehnition of the density dxj,XF ®, conditioning the law of A/ on the 
position xp of the particle P = a + h yields 

.7 - Z2Y~^dZ2)dZi 

nXjlxp=y[^J 


£ 


Let 2 < a < A. Then 


dxjlxp=y(^) 


/J(m-x)“ ^db{u,y)du 


^ u^-^db{u,y)du 


From the hrst part of Lemma fTIl \db{u,y) — (1 — u^)\ -^b^<x 0 uniformly in u and 
y, and thus 

1 Y T 

- - u'^~‘^db{u,y)du ^b^oo 


(a-2)(a- 1)’ 
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uniformly in y. Since a is bounded by A, and from the second part of Lemma fTTl 
\\dxi\xj,=y - dxi\xj,=y'\\oo < sup (db(x,y) - db(x,y')) 0 

uniformly in y. Thus for b large enough, \\dxj\xp=y—dxi\xp=y'\\ < ^/A for all y, y'] then 
averaging on the law of Xp conditioned on Xp = y yields \dxj\Xp=y — dxj\Xp=y'\ < A 
for all y, y'. And hnally this implies that 

^dxi,Xp — dxidxp\\oo < e. 


□ 


The proof of Theorem 0] is just a gathering of all the previous results : 


Proof. Let A, e > 0. Since the hrst and last runs are bounded by A, any composition 
large enough has at least three runs. Let Ba be given by Lemma [12], R be the 
associate constante given by Lemma [8] for Ba, and set C = Finally, let n be 

the integer given by Corollary [3] for compositions of runs bounded by C. Suppose 
that A is a composition larger than n. By Lemma [T21 if the second run is larger 
than Ba, (E]) is verihed. Thus we can suppose that the second run is bounded by 
Ba. 

If A has a run larger than C, then from Proposition [TOl 


IF- 


Xi\Xp=x 


=x - F. 


XjHoo < 


Ka 

C-1 


< 


2R 


But from Lemma [HI d'x^ is bounded by R, thus the latter inequality yields with 
Lemma [9] : 

\\dxi\Xp=y — dxjW < ejA. 

And dxj being bounded by A, this yields (|5|). 

Thus we can assume that all the runs of A are bounded by C. Once again by the 
choice of n and Corollary [3] (|5|) is verihed. □ 


Note that we actually proved something stronger than Theorem 0] namely : 


Corollary 4. Let A, e > 0. There exists n such that for every composition A of size 
larger than n and first run bounded by A, and for all y, y' G [0,1], 

\\dxi\Xp=y - dxi\Xp=y'\\ < £• 

6.3. Consequences and proof of Theorem 0] Here are some interesting conse¬ 
quences of Theorem 0] Let us hrst remove the constraints on the extreme runs. 


Lemme 13. Let e > 0. There exists n > 0 such that for all compositions larger 
than n with at least two runs, 

sup {\\Fxj\Xp=y - Fxj\Xp=y'Woo) < £• 

(i/,P)G[04]^ 
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Proof. Let R be the length of the first run of a composition A. From Proposition |5] 
applied to Sx, 

1 - {1 - t)^ < < 1 - {1 - t)^-\ 

Since sup[o^i](M'^“^ — u^) -^r-^cx> 0, there exists A such that for any composition 
with first run larger than A, 

sup \\Fxj\Xp=y — Rxi\Xp=y'\\<x < 

[ 0 , 1]2 

Applying Corollary 0] to A, e yields that there exists n such that for any composition 
larger than n, 


sup ^Fxj\XF=y ~ Fxi\Xf=' 
[ 0 , 1]2 


y' \\oo Fi 


□ 


This result can be adapted to show that the law of the hrst particle depends only 
on the neighbouring particles : for any composition A of size iV, and n < N, denote 
by A(? 7 ,) the composition A containing only the n hrst cells. 

Proposition 11. Let e > 0. There exists no ^ 1 such that for any n > no and any 
composition A of size larger than n with first run smaller than n, 

.s. 




jp'^Xin) I 
Xi \ 


oo — 


The proof consists only in an averaging of the inequality of the previous Lemma. 
We will close this paper by proving Theorem [1] : 

Proof. By iteration it is enough to prove the result in the case r = 2. Let 1 < A < 
*2 < N. Denote by (resp. z/ 2 , resp. z/ 3 ) the composition containing all the cells i 
of A such that i < R (resp. R < i < i 2 , resp i 2 <i)- 

Let a be the length of the last run of vi and b the length of the hrst run of z/ 2 . We 
suppose that these two runs are increasing (the proof is the same in other cases). 
From (jSj), conditioning on the position = z and = z' yields the density 
of Xi, 


dr 


tAx = 


Jo do - Adddzvxd' - xydz')dx 


From the latter expression, as min(a, b) —)■ + 00 , d.n-(/i(xi,), 5^) goes to zero, imply¬ 
ing the indepedence. Thus we assume that a and b are bounded by some constant 
R and that the same holds for the hrst run of z /3 and the last run of z/ 2 . 

From ([3]), the law of Xj, and Xjj is 


dxi ,xi {x, y) — 


dxp^vi d')d{Xj,XF)x2 y')dxj iy') 


^{Xi ,Xf)X 2 {dxFXl {Xi)dxj {Xf)) 

From the boundedness on the extreme runs and Proposition [5l there exists K such 
that ^{Xi,XF)F 2 {dxFFi{Xi)dxFV 3 {XF)) > K, and WdxpFiWAldxiFaW < X. Thus as 




32 


PIERRE TARRAGO 


z /2 becomes larger, 

I ^ ■ d'y ■ dy ■ I I ^ 0 1 

II '^x-^i'^X‘2 *^*2 ' 

independently of the shape of p 2 - Finally by Lemma El there exists n snch that if 
*2 - > n, 


,, o-a(v)x ^ 


n 


n 


n 


N 


□ 
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